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r conditions for a class of Runge-Kutta-Rosenbrock methods

Blom

RACT

This report deals with the derivation of the order conditions for a
3 of Runge-Kutta-Rosenbrock methods for stiff differential equations
is described in [5]. Recurrence relations for the order conditions
btained by a technique similar to that used by WOLFBRANDT [6]. The

 conditions are generated by an ALGOL 68 program and are listed up
‘der 6.

ORDS & PHRASES: Numerical analysis, stiff systems of ordinary dif-

ferential equations, Runge—Kutta-Rosewnbrock methods







TRODUCTION

This report deals with the derivation of order conditions for a Runge-
-Rosenbrock (RKR) method which has been developed for the numerical

ion of the initial value problem for stiff systems of ordinary

rential equations

d; N - =
Ix - fy) =x2= Xy» y(xo) = Yo

{R method has been discussed in [5] and is given by (cf. formula 2.3

DE

af N N 1-1 N
[I-vh ‘?(Yn+ )]ki = <y +h JZ] aijkj) +

af — .
< =
+ (yn+n) jzl Yij ke 1,...,s

L

<

S

uij ij’ s and y are real parameters and n a non-positive integer.

n analogy to WOLFBRANDT [6] we expand the solution y(x +h) in a
> series and compare term by term with the expansion of the approximate

.on yn+1. In that way we obtain recurrence relations for the order

:ions with parameters Qs sy Yij’ U., v and n
le generation of the order conditions from the recurrence relations

. For these expansions and

e use of the theory of the elementary differentials formulated by

R ([1] and [2]).

n Chapter 2 we will give some preliminaries on this theory that we
or the evaluation of the recurrence relations and derive these rela-
themselves. For the generation of the order conditions from the

ence relations we did write a computer program that is based on the
pondence between elementary differentials and rooted trees. An out-

f this program will be discussed in Chapter 3. There we also list

der conditions up to order 6.




» RECURRENCE RELATIONS FOR THE ORDER CONDITIONS

1. Elementary differentials

The theory of elementary differentials has been formulat
|]J. This section will contain some notations, a definition a
1at are needed to understand the remainder of the chapter. F

:tails and proofs we refer to BUTCHER [1].

.FINITION 2.1.1. For a mapping'?: B> g the elementary di

RV> RV of given order and degree are recursively defined

T is the only elementary differential of order 1;

the degree is not defined.

F is an elementary differential of order r and degree s

N N N 157
F= ‘z=1 .2=1 .Z_l 3y, 8y, ... 9y, Flj]Fij
J] J2 : JS— Jl Jz JS

ere Fij is the j-th component of an eiementary differential

(i=1,2,...,8) such that

—
w

-
is elementary differential will be written as F = {T

a a
1F2...Fs

P . 4

te that in general FI’FZ""’f; need not be distinct.
Each elementary differential of T is denoted by a string
acket symbols. As abbreviations will be used:

F.F =7 {{..{= and  }}..} =}

— —— ——
k k k

BUTCHER
heorem

ther

tials

‘ters and




REM 2.1.1. Let D be a differential operator defined by
N
v ]
D - % f- ‘éy_j,

> F 4s defined by (1.1). Then p'IE s a linear combination with

tive integer coefficients of the elementary differentials of order

plE- 7 c@®F
ord §= r
_.\\)1_\\)2 =7g —_ —_ .
= {Fl F,%... E, } with FI’FZ""’Fo all distinct, then the coeffi
F satisfies:
R o mEONVL
1) k(F) = (x-1)! T ﬁ( o ) >
i=1 Vit\ Ty
T s the order of ﬁi and K‘(?) = 1.

Taylor expansion of ;

If we expand the solution ;kxn+h) of (1.1) in a Taylor series abot

oint X assuming that ;(xn) = ;;, we find

T
h -1

' [Dr ]f] ,
]t n

lo~18

y(xn+h) =y, * r

fK]n denotes K(;ﬁ). By application of Theorem 2.1.1 this can be W

s

. - r
- RN h . S
D oyt =y o+ ] 5 L <@®IF1,
r=1 -
ord F=r

the coefficient « is given by (2.1.1).

Expansion of the approximate solution

For the sake of simplicity we first restrict our attention to: the

r equation

d
1) 3% = f(y), x> X y(x ) = Y-




1e RKR 1 then reads
i-1
r _ df -1
g = v )] {ilryn L o45k5) +
|
df .
4 = )
'.3.2) & n+n)z i J} i=1,...,
s
Ine1 TV T h .Z uiki'
1=1
h is enough, k. can be expanded in a power series
© _r
+3.3) = ) }r‘—,Kir
r=0 ° ?
MMA 2. et £ = f(y) be analytic and let Ynen have an eag
e form
v .
=y_+ ] bz,
=
ere, s 18 a non-positive integer,
nr r-1
B ;T{D f]n'
en the rence relation sz*Ki r 18:
3
0 = [f] 1)
r ' k i-1 K.,r -1 k
r. m d’f
-3.4) r ! k! ) (mﬂ .Z %3 (i -1)')[ k]
k=1 It srim=l j=1 m °°/tdy
i-1
df
(T gy e 2]
=1 17,1 i,r dy n
r_] q 1 k
r.
! Zlkgl-_! +Z+ —(m]j] zr>.
q=1 k= rte.otr =q m= m
. <1§] y Kj,r—q-—] Kl,r q—l)[dk+1f}
1 1 -] 1 - ]
=1 ij (r-q-1)! (r q-1) dyk+1 n




7. The identity Ki,O = [f]n

recurrence relation for Kl
b

jower series (2.3.3) and exp
.2.a)

i-1 i-1
h E Y kJ =h Z Y
j=1 j=1
= 7 ht
r=1
i-1
o, * h jZ1 aijkj =y,

is trivially satisfied. In order to get
with r > 0 we replace k by the correspond-

and step by step all terms of the equation

© r
i5 L %TKJ' r "
r=0 ~° ’
i-1 K. o
J,r—1 not r
J.Zl Yii TreD)? rzl he; o
+ E nt 151 Kj,r—l not. v, * Z hfa
r=1 j=1 13 (=D =1 ’

ing Taylor's theorem and the multinomial theorem we obtain the power

s for
i-1
(o b 1 ighy) -
J:
+
oY
df af v
d—y-(yn""ﬂ) [E]n Z
. df v
[E};‘]n + rz

<) © kr .k
1 r df
I:f]n * z kT ( Z h 4 r) [ k]
k=1 7" M=l ’ dy -n
T r v 1
[£f]1 + Z h Z ET z
r=1 k=1 7" r +...+r, =r
1 k
(11'{1 a )[dkf] not. req
m=1 *°Tm dyk n
o r k
1 d'f
] nt J T{-—,—S(r,k,ai)[—i—]
r=1 k=1 dy -“n
1 ; hrz }k[dk+lf] _
) =
1 k. 1 r dyk+1 n
r v 1 k [dk+]f
bt ) kT ! moz. L k+1
1 k=1 r1+...+rk=r =1 m’/ tdy n
L) r k+1
DTS it
r=1 k=1 ° dy n




ith these relations we can expand the right-hand side of equ

2t

=1‘Yh%(}’)"¥ Xh Z k. S(r-1,k,z)

r=2 k=1 k+1

dy

d

i-1 i-1
B=tf(y +h ) a,.k, k. =
(y Zl *ij J) y(yn+n)Jz Y

¢
k] + 4
dy -“n

r§l< q 1 dk+1f
+ Z —T-S(q,k,z)[—————] >c. _ }.
q=1'k=1 k! dyk+1 o/ 1.7

o r
= [f] +Zhr{z ,S(rka)[
nop G ke

len using the relation for the quotient of two power series

lere
r-1

Y. =B.- ) yao__, ifa, =1,
r r q=0 q r-q 0

. get for the right-hand side of (2.3.2.a):

th

r
dcs df
b= ) S(r k,a. )[ ] + [S=1 c.
k=1 k dyk n dy ' n i,r

r—l< g k+1 '

1 d™ 'f
Z - S(q’k,z){_—_] ) C. _ +
Kk ke dyk+l o/ 1,179

+




r-2

r—q-1 1 dk+1f
+ ) by § —'—S(r-q-l,k,z}[———] +b__ y[95]
q=0 T o k! dyk+1 n I 1'"dyn°’

equations (2.3.3) and (2.3.2.a) it follows that

le recurrence relation for Ki r for r > 0 becomes:
b

. K.
r Kk i-1 J,r -1 .k
=r:{z_k‘, ) (n ) 1___(r_r;l)[df]+
k=1 ~° ry+.. ot =rim=l j=1 4 dy ‘n

j,r 1
Loyt [dy]n ¥

sle k i-1 C\FakF]
—_ J,r q d f]
> (kzlk! +.§.:.+r <n1 “r )X L Tij (== 1)} )[d}'kﬂ "

cam=1 Tm/ =
r-2 K. r—q-1 k k+1 K.
ey ] —Lg g_l_ ) oo, Je_f +Y1r3[df]
k! T k+1 (r-1)!"dy™n
m’ ~dy n

q=0 a k=1 r]+...+rk=r-q—1 m= 1

., after a little manipulation, is equal to (2.3.4). [

We next proof that Ki r—-] can be expressed as a linear combination of
, T
lementary differentials of order r.

. 2.3.2. Under the conditions of Lemma 2.3.1, K, ., can be written as
9
5 K, .= ) ¥, (®OIF],
S 1,r-l ordF=r * n

wi(F) 18 a polynomial in o5 Yij’ Yy and n that satisfies the
vence relation:

i1f order F is 1: wi(f) =
6) |

if order F 2s r and F = {F
i=1,...,0¢ wi(F) =

\% A%

11...F00} with F. all distinet for




“ 1 Yme o ,i-1
= e 1) (L ety e)

J=1

(o) T \)
1 (k@) " I _Vqfq (Z Yig¥s B +vb, (F ))}
m=1 q=1 nrqK(F ) Mj=1
00F. We will proof this lemma by mathematical induction on r. If r = 1
len Ki 0= [f]n; when we take wi(f) = 1 then relation (2.3.5) is satisfied.
’ -— —
isume that (2.3.5) holds for r = 1,2,...,r-1, r > 2. To prove the lemma
)r ¥ = r we firstly recall that
nF 1 nf
z_ = ,[D £1, = =v ) k(F)[F]_
ordF=r
th k given by (2.1.1). When we substitute this in (2.3.4) and use the

iduction hypothesis, we find for K -

,r—1
r-1
ST A ) D ) )
k=1 rI+“,+rk—r—l ordF] =T, ordFk=rk
G-/ & 17l vy (Fp) a“s
KT m z al(—l—_'Tl-j-; F]...Fk-—k +
* o V\p=] g=1 BV dy4n
- df
(@D ] (ZY‘P(F)*Y‘“F))[IT]*
ordF1=r— j=1 Yin
r-2 q -
-1)!
A ) I Lo 3 APl
q=1 k=1 r1+...+rk—q ordFO-r-q—l ordF]-r] ordFk--rk

k m i-1 v;(Fy) v (F) k+1
. ( n %—— k (F ))( ) Yi: == +y 0 )[ FloooFy Q—EI%] .
m=1 “m! j=1 J (r-q-2)! (rbq 2 dy n

ter examination we find that the right-hand side of (2.3.7) is a sum of
e r-th order elementary differentials of f. To prove that wi(F) has the
ggested form for all F of order r, we distinguish three different types

elementary differentials of order r.

F = {Fl} and order F] = r-1,

For these elementary differentials the right-hand side of (2.3.7) gives:




_ i-1 v.(F,)
z _ (r—])!( Z a . —%——l—>[Fl gﬁ} +
ord Fl= r-1 j=1 J (r=-2)! Yl

- Z iil af
Fo(x-1) _ ( Y0 (F) + vy, (F )){F ——],
ordF1 =r-1 ‘j=1 173 ol Idy n

i-1
1z

b (F) = (E—1>{
1=1

1
A%

= {F]]}, v, T, = r-1 with v, > 1 and r, the order of F

c this type of elementary differentials the right-hand
v3.7) 1is:

AR Y il o
LordFl=r1 Vi \j=1 SCRD
=y s 01 Vithist o oy @y
é}t%%% (%—T K(F])) ( Yi'(i _:),+ ,(i _;
rd Fp=x U100 N j=1 HETD 17
l
- i-1 v
__(-n! [t 1
'3 (F) = *Tl{(jzl *i31Y5 (Fl)) !
vll(rll)
r, vl—l i-1
tvr(n k(F))) <j£1 Yijwj (F) + Yllii(Fl)>}-
V1 V2 Yo, to -
: {F] Foooee F 1, Zi=] v,r, = r-l with o > 1 and r,

Then the right-hand side of (2.3.7) becomes:

. v
(r-1)! { o (1'1 wj(FuQ ) m
o N Z ces z m Z aij ??;:TYT

_ ‘‘ord F =r ordF =r m=1 ‘j=I
m=1 "m 1 1 o ©
r v

o o m m v
oI e ] (L) i
=1 ord F =r ordF =r m=1‘m"' q

1 71 o] n F )

r q

q

of

-der of




i-1 Y. (F) Y. (F ) \ll' \)1 v \)f
] 3 4 L..poed
(jzl Yije S Y ZEAITYEJJLFl o gy
where
o]
v= ] v,
i=1 *
so
- Y 1 / 1 \vm E /151
v, (F) = (-D)! T — {— { 0. .r U
1 m=1 \)m' \\rm',) m=]\j=l 1] m
g rm \)m o v r i-1
0 "e@E )™ ) —;&(Z vihs @,
m=1 q=1 N qK(F ) j=1

We now can obtain the following result.

EOREM 2.3.3. If the conditions of lemma 2.3.1 ar
ate solution of (2.3.1) has the following expans

.3.8) Yoep = Vg * rzl-;T L g=r $(E)FT,

s
¢ (F) T .X uiwi(F), where wi(F) 18 gt

i=1

JOF. When we substitute (2.3.3) in (2.3.2.b) we

y =y, *h

n+l .
i

th lemma 2.3.2 we can write

ich is identical to (2.3.8).

OLLARY 2.3.4. To each elementary differential F

7lled,

(2.3.

i’r_

sponds

pprox—

ementary
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= ¢ (F) that is defined by:

weight ¢
_ s
if order F is 1: ¢(f) = ) My
(2.3.9) 1=l
v
if order F is r and F = {Fll...F vo} with Fi all distinct for
i=1,...,0:
§ o 1 i—l
o (F) = u.{r! n -, (————) ﬂ w (F ))
i=1 Y p=1 Vpc Ln
ag rm \) ag vV r \
m (n K(Fm)) z q 314 ( 2 Y U (F )‘*YW F )}}}
m=1 g=1 n QK(F ) M=l

where ¥.(F) is given by (2.3.6) and «(F) by (2.1.1)

. -
2.4, Taylor expansion of Y41

Consider the system of ordinary differential equations:

-

-

d L N NN
(2.4.1) E% = f(y), x > X s y(xn) =Y
where

T

T 2 T =
f = (f ,...,fN) and v, = (yn,l""’yn,N)

-—
y = (y],---,yN)

In this section we will derive in an analogous way as in section 2.3
-
of (2.4.1)

an expansion similar to (2.3.8) of the approximate solution y

that is obtained by the s-stage RKR-method

r a-f‘ N N NN ig] 9F iil
I-yh— (y )] =f(y_+h ) a..,k.) +h — ( ) ) v..k. i=1, sS
[ a;‘ n+n 1 n =1 1] ] a-}-; n+n i=1 1] ]
(2.4.2) s
s
-— - -
Yn+1 =~ Yn * h.z uikl’
. 1=1
where Eé denotes the Jacobian matrix.

oy




To simplify the derivation we will adopt from WOLFBRANDT [6] the follow-

. S
ng definition for vector functionms vi(y):

N

A )
1727k Z
9y =

In order to obtain a similarity with (2.3.2.a) we write for the v-th

-
omponent of ki:

of
O e & 7L,
ki =[1 Yhayv (yn+n)] .
2.4.3)
I =2 N BTSN = @
{f G +h ) a, . k)+h) — (3 .) 7T y..ko’ +
vV'n j=1 Y17 oy Ay, “min j=1 13
N 2oaf
v o= €]
+vyh ) — (G_. )k.’}.
g=1 %¥p T
L#v
e now proceed as in section 2.3.
Expand ﬁ; in a power series
® r
2.6.4) &, = Y B.® | where X, _ = &1, ... kT,
i 29 Tt i,r i, r i,r i, r

1e analogous result of lemma 2.3.1 is:

IMMA 2.4.1. Let T ='f(§) be analytic and let ;;+n have an expansion of the
rm

=S

" r> where 7 = DT{Dr—lfj

LN h s .
= + z .
n+n yn L r r r n

| ~>1 8

en the recurrence relation for the v-th component of f} . 183
5




1,0 n
.5)
r k-l K. p 1 \ro'f
kM- 7y (n 3 ey S ]
LE k= < T teootr =T \a=1 5= 1 (D N 37%4n
N ,i- 3
r z /121 Y..KSK) + v ng) \[—52] +
£=1\j=1 1] j,r-1 1,r—1][8y2 n
N -—
1Tl E 1 (nz).
£=1 q=1 k=1 ! r +...4r =q \m=l rmj
1 k
. @) @)
(T vy e s ()] v
\j=1 ij (r=q-1): (r~q—l)!/'a;k KBYK, n’ >

) _ _ . .
F. The proof of Ki,O = [fv]n forv =1,2,...,N is trivial.

Following the approach described in the proof of lemma 2.3.1 we f

i-1 W S o KJ.(Q_I N €2
= - )
nLovigk e Lo Dy Gt mee 1wt
j=1 r=1 =1 r=1
. . s
i-1 R © 1-1 K. -1 X
?; +h ) a k. = ?; + J nt ¥ o . iil not. ) h a;
j=1 33 r=1  j=1 *J e

3 Taylor's theorem for multiple variables and the multinomial theo

in the powerseries for:

f (y +h a..k.) = [f ] + h e & _
v 'n =1 1j ] vn -1 k=1 ke r]+...+rk-r
| K e
m=1 *Tp dy Jn

‘or
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=1=-vh 5;;-(yn+n)
of © r—1
R o IR SN S
v-n r=2 k=1 "° Ty +e. .t =r-l
(n 2 )2 )
m=1 rm/léék ayv n
i-1 N 3of 1-1
o £
=f (y +hJ§1 a kJ)+hZ é-y—"(ynm) Zl Y J( ) 4
N of
vV o )
Yh£Z1 E;Z'( n+n)ki
L#v
© r k \akf
[f]+§hr{21 ) (02 [ vJ+
=1 k=1k_rr1+ +r, =T \mel i,/ 5%~ In
N of r—-1 q k
1 N
Al L e (3.
£=1 £ ? q=1 ‘k=1 rte.atr =q ‘m=l m
@)
f
2% ] e )) + v ) (] S
I_a-;k \BYZ}Jn 1,r=q } £=]\ aszn (r_l)'
L#v
T(E 0 () (e
m —_— s ,
q=] k=1 -E-r r1+ +r. =q m=1 rm 3yk 3}’/@ (r"q—l)

r the right hand side of (2.4.3):




r=0
b, = [f ]n’
k
r 1 k \[-3 f\)]
b= ) ) <n a — +
R ETr1+ th =r ‘m=l l’rmjl- ykJn
N of r-1 q k k ,of
(] @7 (1 (5 S R RE)
Z-1 ayﬂjn i,r ' Z1 qzl ke T + z +r =q\m==1 zrmjla;-k‘ayﬂ/
1 k
(<)) ) ([afv] Ki(i):—l YTy
Si,r=q)) 7 Y o= \L3y,| =Ty =1 \k=1 l_cTr1+...+rk=<
£#v
“@)
k
(52 Voo 2 )/Ki,ml-l\\ .
\y 2l a7 | ez
r-2 r-q-1 k k /,3f
I 2> YT (2]
by 2 z (ﬂ Z )T —_— +
qZO T k=1 KT r+ +rk=r—q-1 m=1 ‘m I-Byk \ay\)”n
va]
r-ly[_ZJn
) and (2.4.4) it follows that
o K_(\)) co
i, r _ r
rZO by w—= rZO h'D,
) ro k i-1 X, ., |-8kf
K.v =r!{zT(T Z (TT z .. (J,m'>'-_\\)]
LT k=1 ° Tt =rim=l j=1 BRIl DR Byk n




)

N ,i-1 -1 P50
-Z—-l (jzl "i3 &N 3yl
. L)
r-1 , q k k ,3f i-1 K
(v 1 (o = \[o° __v_\] \ i,r=q-1Y))
qzl \kZIkﬁ r1+.?.+rk=q \ El zrmjla;k <3y£} n/\ 1 Yij (r—q—l)!>/+
@)
N 3 K. r—-1 q k
([°°v] “i,r-1 + 1 (mn =\
Y él \lay, ], DT q‘Z—'l (kzl k¥ r, .¥.+rk=q |t/
'V
,[ (°f )1 A r-q-l\\
= v,/ | N\&anT))
riz Ki("()l r-czl—l | : (k S \[ " (af\)>]
9 I Z )—.—— —_— +
Y =0 % k=1 kT r]+...+rk=r—q—l m=1 'm l3§k Byv Jn
f?i-] va]

-1 |5v
Y -0)! Bvan
rv=1,2,,..,N, which is equivalent to (2.4.5). 0

The result of this lemma is identical to that of lemma 2.3.1 with
ctor functions instead of scaiars.

That lemma 2.3.2, theorem 2.3.3 and corollary 2.3.4 also hold for
stems of ordinary differential equations (when the scalars £f,F,y and Yy

_ -
e replaced by the vectors £,F,y and yn) can now be verified in the same

y as in section 2.3,

5, Conditions for the coefficients,

In the preceding sections we have shown that the exact and the approx-
ate solution of the initial value problem (2.4.1) at the point X +h can

expanded in powers of h about the point X

d r
- = h P S
yix +h) =y + } — } «@®IF1,
n n r=1 T N n
ord F=r

2re «(F) is given by (2.1.1) and
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© r
> B h o
Va1 =9, * ) T ) ¢ (®F],
r=1 N
ord F=r

where ¢(§) is given by (2.3.9).

The two expressions agree up to terms in hP if
RN N . » 2
.1) o(F) = «(F) when r < p and r is the order of F

e the error is given by:

(o] T N
2 T -Fem = T L) @-@iF
= +] ° Y
r=p ord F=r

ENERATION OF THE ORDER CONDITIONS

Elementary differentials and trees

The generation of the order conditions is based on the fact that there
one-to—-one correspondence between the elementary differentials of T of
r r and the rooted trees with r nodes (see HAIRER & WANNER [4], and

iER [2]).

A rooted tree t, often simply called a tree, is defined as a connected
1 without‘cycles with one unique specified node, the root.

The notation
t = [tl,...,tm]

35 that the trees tl""’tm remain after the root of t and the adjacent
have been removed.

The tree consisting of only one node (the root) is denoted by T.

The correspondence between the elementary differentials of T of order

1 the set of trees with r nodes can be recursively defined by:

-—
f corresponds to T

{ﬁi..f;} corresponds to [t],...,tm] if the elementary differentials

i=1,...,m, correspond to the trees t..




As an example we give for the elementary differentials up to order 4
he corresponding trees in their formal form and represented as a graph. For
1e formal notation of a tree we use similar conventions as for the elemen—

ary differentials (see section 2.1), e.g. [[t,T,T]] = [2T3]2
-
£
() [t] ~

(Y [°1 {.F}

272 [oedy >
{fa} [T3] N {({EYF} [Ctd,t] Lv’
LY, 1, Y Gy Gy

2, Outline of the computer program

To get the order conditions from equation (2.5.1) we wrote a computer
‘ogram in ALGOL68 of which we will give a short outline. The program is
ised on a slightly changed version of a formula manipulation package written
- DEKKER [3].

Suppose we wish to obtain the order conditions up to order T. We then
ve to compute for each elementary differential f‘of order r < r the value
f}(Z.l.l) and the polynomial wi(ﬁ)(2.3.6).

In view of the correspondence between the set of elementary differen-
als of'? of order r and the set of trees with r nodes we can represent

elementary differential ﬁbby its corresponding tree. We therefore build

the set T of all trees with a number of nodes not exceeding r. An element

this set will be denoted by Tr,k’ where r is the number of nodes (the
der) of the tree and k the number of the tree in the list of all trees of
der r (the order list). To each tree a list of elements (subtrees) is
nked. Each element contains the order of the subtree, the number of this
btree in its order list and the number of times this subtree occurs in

e tree,

We now compute for each tree Tr K? starting with T] 1> an integer value
E s
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and a polynomial y' . For instance, if the tree T =
r,k r,k

-
x ,...,Tzo n ] corresponds with the elementary differential F =
1 oo

AV i
(e} p— —
e o oF } then K x = k (F) and V¥ K = wi(F). For each subtree T j’]j

3

umbers rj, kj and Vj have been stored in the list that is linked
N :

), and lPi(FJ-),(‘Pr.

. Moreover K(f}), (Kr Kk ), have already been

Wk ..k, sK.
J7 3] J°_J

ted for the tree T that corresponds with F.,
rj ’kj J

In this way we can build up the set K consisting of integer values and
et ¥ consisting of polynomials. We next equate for r from 1 up to r

or all possible k

these relations we then obtain, after some manipulation, the desired

conditions.

In table 1 we give the order conditions up to and including order 6.
The third colummn contains the number by which the equation has been
ed. Hence to get the real error constant ¢(F) - K(f) in (2.5.2), one
o multiply the difference between the left hand side and the right
side of the order equation with this number. Further we used the

wing abbreviations in the table:

ST ST
iil iil
a, = a. . B. = B..
i 5=1 ij i =1 ij
= = 1 <
alj YlJ 0 for i< j,

' 2 Zu;B; = P -y




2 1

3 Zuio%.~ = g—n(l-ZZuiai)
1 2

3_1_.23_
b Iugeg = gm0t 3Tn0,)
24 | Zy.a.0,.B. = l--l—v-n(-l—-iu o,.B.=y(l-Zy.o ))—nz(l—lzu a

i%% i 7873 6 “Mi%iiP; i% A
2 1 1 1
12 Z“isij“j =133 n(-:,;-ZZuiBijaj-v)
' 11 32 3

26 | TuiBiiBaBy STt 3y -y

4 _1_ 3.,
5 Zulai =5-n (2 4Zui<xi

2 _ 1 1. 2.1 .3 _ 3,1
60 Z“iai“ijsj =To"zFY"" (—6— z“io‘ijsj Y& ZZuiai)) n (2 I
60 | Iu.a..B.0. 8, = o—ty+ SyZs nydoos 8. —vy) -
| Pi%157 5%k T 2077 T 3y T g aiyye, By

2,1 1
z _ 1 __d_ 2_ 21 _

60 Zuiaiaijaj =15 n(3 Zuiaijaj ZZuiaiaijaj)+n (3 ZZuiaijcx.

3,1 2

| n"3-3u;0,)

IZOZOLOLBB='1—"]‘+'1‘2" (L-ZGLBB-—]—'F
Fi%i%5% kP T 307 7Y T3 TG T N0y BB T3y

2 2 .1 3,1 1
Y (I-Euiai))+n Y(f Zuioni) n (—l-z-—6-2u

20 Z“isijo‘? = 2—10-%\( - nz(%- SZuiBijaj -%Y)
120) Zu;B; 0500 B = " Y+ %Yz - G- ZHi By % 5uBy T

Y('%“ Zuisijaj) + Yz) - nz(%-%luisijaj - %Y)
60 Z“iBiijk"‘i = g5 E Tt 3T -y 2Zu;B; 2By~ 3779
120 Z“iBiijkSkzsz = ]—;—--é-y +Y2‘ 2Y3+Y4
6 | muge = g-n'G- STuga)
120 Zuiaiaijsj = ~]~]-2-—%Y - n3(-é-— Zuiaij BJ. -v(2- SZuiai)) -

4.3 3
n (Z—_fzuiai)
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&.‘

»

\NY T

360

180

360

360

720

120

720

360

720
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I 1 1 2

1
Zy.a.0..8.0.. 8 =ﬁ——5-y+zy +n2y(—3-— ZZu.oc..Bj -

i7ij

.3 1
YG-Ina)) - n3(-5- Zu.o. 8. —y(1-Ina.)) -

i3]
ul faijai - —llg—n('S_" zzulufalj )—n (12 Ty alja ) *
n3(-§- ZZuiaijaj) +n (—5-—3-2111%)
E“i"‘i“ijsjksk - %" 5 *%Yz =N (EIZ' Z“i"‘ijsjksk“T']s'Y *
Yz(%— ZZuiai))+n3Y(l - 2Zpa;) - n4(-]-——1—2u-a-)
Z”i“ij"‘?“iksk = 3515 Y~ g 22”10‘15"‘ B =T G Ty 13“3)) -
nz(-il—[;-—;-iuiaijoc? + y(§-— ZZuiaijocj)) +
n3(—1§§- Z”i“ij“j -%Xuiuijsj —%Y)
Hi%s5B5kPi B = 717"1%5"(*%Yz'%YB*”Y('z'lzT'Z“i“iijkBk -
Y(‘;-'Z i 1JBJ) Y )—n (48 2 Lo 1383k6k

3 2 1
(—"211 a. B )+ )—T\ (_3—6-—€ uiaijsj _TZY)
1

3_1_ - -
IU.0.,0, .05 =57 “('70' Zuiaijaj) n (— 3Zu.a.a..0.) +

R A 1 B 17171373

3,1 5
n (7 BZuiaijaj)+n (—8- ?Z“i“i)

Zy.o.o. =

1 7

1%% 3% %P = 38" T5Y " "Gz Z“i"‘i""""jkBk Tug 00 %y By
:

Y(z-Iuaa i J))-n (-4——+ Zu, 1%43° JkBk

1

ZZuiaiaiJ 3 y(—-— Zu o. i3 J)) +
n3(-—]—-lZu a,.o y(l——-Z]J a,)) +
12 277171373 3 377171

Z“iai"‘ijsjk"‘i = 77757z - zuiaijsjkai 2T 0504 B %"
| —:];—Y) +n2(-]]—2- ZZuiuijBJ.kak - §Y) -
n3Y(%_%Z”i°Li) + n4(%-%2u.a.)
My 10‘ij8_]k8k1_8£=1_]___1_10—Y+ %Yz _L]’:_YS (120 Zulalj JkBk/CBK

A

1.2 223 3

gY*t 5 -Y(I‘ZUOL))‘HY(— FIH00) +
3

n




\Y/ 30 ZuiBiju? = 313-%\( -nB(%-l&ZuiBijuj- 2y)
4 S z“iBij“Jg“jkBk = 316' %Y +%Y2 B ”2(21_4' LHi By 5% 5uBy =
Y(%- ZZuiBijaj) +%Y2) - n3(%- Z“isij“j "%Y)
VaRES 238y 10180 50Bp = Top T To Y FE Y S (- 22U By 50 By T
%Y +Y2) -nz(z% - Z“isijajksk' %—Y +%‘Y2)
\? 360 Z“isij“j“jk"‘i = 7;6‘713* ‘”(%'zuisij“jk"‘i' 2TH By 10~
2

1
3V (g “1Bij°‘jk°‘k TY) *+
3,1 2 1
n (g §zu18ija3_§Y)
720| Zu.B..o.a., B ,B —l——J—y+ly2-l 3—nGl—-Zu B..a.. B ,B,—
113737 jkkEL 180 12 3 3 120 i7ij jkTkeL
1 2.2
gY*+Y (§"Z”ieij°‘j) "Y3) +
2.1 1
Ny IngBie T -
3,1 1 1
n"(G3g Ezuisijo‘j 1Y)
3_1 1. .12 21 3.2
\}/ 120) BBt < ToT 0 Y T G 30N B0 m Y5y )
1.7 2 1.3 1
Y 720| Tu;B; BBy = 225 TTEY tagY ~3Y ~n G I8y 1Bk By
1 5 3
Y(g ZulﬁijBJk@k)*‘gY -Y7) -
2,1 1 2
360| Zu.B..B. B o2 =-—l—~——]-Y+lY2— -l—ys-n(—l—-ZZu B..B.y B )=
i"ij7jkk€L 360 207 % 3 60 iTij7ik"kEL
1 2
ZY*t Y -Y3)
-1 1 2.2 53,54 5
§ 7201 BBy B PP T TR0 3 Y Y T2 T 3V FRY -y

fARK. If n is a non-positive real value the relation

r -1
VA = —Tl-r[D f]
r Tr.

n

in general only satisfied for r < p-2, where p denotes the order of con-
‘tency.
This restriction has no influence on the resulting order conditions.

'ever, the formula for the error (2.5.2) is in that case not correct.
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